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We show that GBRD(p, ~(p-l), Hp-l)(p-3);EA(Hp-l)) 
exist for all prime powers p == 3 (mod 4). We also show that 
GBRD(p, ~(p - 1), Hp - 1)(p - 3); EA<!(p - 1)) exist for all 
prime powers p == 1 (mod 4). 
This allows us to give a new proof that a 
BIBD(f(ef + 1),(ef + 1)(ef2 + f -1),ef + f -1,/,/ -1) 
exists whenever p = ef + 1 is a prime power. 
This gives many new GBRDs including a GBRD(19, 9, 36; EA(9)), 
a GBRD(13,6,30;Z6) and a GBRD(17, 8, 56; EA(8)). 
1 Introduction 
Let G = {h l = e, h2 , ••• , hg } be a finite group of order g with identity 
e. Form the matrix W 
W = hlAl + ... + hgAg 
where Al , ... , Ag are v x b (O,I)-matrices such that the Hadamard 
product Ak * Ai = 0 for any k "# j. Let 
W+ = (hllAl + ... + h;l Agf 
and 
N = Al + A2 + ... + Ag. 
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Then we say W is a generalized Bhaskar Rao design over G denoted 
by GBRD(v,b,r,k,AjG), or in abbreviated form GBRD(v,k,AjG), if N 
satisfies 
NNT = (r- A)I + AJ: 
that is, N is the incidence matrix of the BIBD(v,k,A) and 
WW+ = reI + (A/g)(h1 + ... + hg)(J - 1). 
We say that the design W is based on the matrix N or that N is signed 
over the group G. 
GBRD have been studied by the author and others, for example see 
[3,4,5,6,7, 10, 11]. We now illustrate the construction ofthe GBRD with 
some examples. For further examples the reader is referred to [9]. 
To check whether a set of blocks (x~, y~, z~) mod (v, g), each with k 
elements, are part of a GBRD or a BIBD we check all the differences: 
(y-X)L-l, (x-Y)~b-l' (z-X)~a-l' (x-Z)~c-l' (z-Y)~b-l and (y-Z)L-l' 
where the subscripts such as ab- 1 are from a group G of order IGI = g and 
the subscripted elements such as (x - y)i come from a group V of order v. 
If each non-zera-zero difference, that is differences other than 00, in-
cluding the differences 01, ... , Og-l occurs the same number of times, A, we 
will have a BI BD( v, k, A). If each non-zero difference, that is not including 
the differences 00, 01, ... , Og-l, occurs the same number of times, A, we 
will have a GBRD(v,k,AjG). In this case we say the initial sets form a 
GBRDSDS( v, k, Aj G) or generalized Bhaskar Rao difference sets. 
Example 1 Consider the initial blocks 
(11, 61, O2) (21, 51, 02) (31, 41, 02) (12, 62, 03) (22, 52, 03) 
(32, 42, 03) (13, 63, 01) (23, 53, 01) (33, 43, 01) (01, 02, 03) 
mod (7,3) which Bose gives as the initial blocks of a BI BD(21, 3,1). With-
out the last block of (01, O2, 03) we have a GBRD(7, 3, 9j Z3). 
As we have each non-zero difference occurring twice we have a 
GBRD(6,3,4jZ2). Its incidence matrix is 
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 
1 1 1 1 1 1 1 1 1 1 
0 1 0 0 1 0 0 0 1 1 
0 0 1 0 0 1 0 0 1 1 
0 0 1 0 0 1 0 0 1 1 
0 0 1 0 0 1 0 0 1 1 
1 0 0 1 0 0 0 0 1 1 
where 0,1 are elements of the group, Z2, and· means the zero of the group 
ring so . - 1 = ., and· - 2 = .. 
To change these sets into starting blocks for a BIB D we would also 
need to have the difference 01 occur twice. This can be done but not in a 
straight forward way. 
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This clearly shows that Bhaskar Rao designs are not another represen-
tation of BI BDs. 0 
Example 2 To illustrate how a design developed from blocks using dif-
ferences can be shown to be a BIBD or GBRD we consider the initial 
blocks 
(00,10,20)(00,11, 2d(01, 20, 3d(00, 21, 4d(00, 20, Od(Oo, 01, 4dmod(5, -) 
So the differences are 
10 20 10 40 30 40 
10 11 21 40 41 31 
h 21 30 41 31 20 
21 41 20 31 11 30 
20 01 31 30 01 21 
40 01 41 10 01 11 
This means each of the differences 01,10,11,20,21,30,31,40,41 occurs 4 
times, that is 2 times corresponding to each difference where the direction 
it is taken in is considered. Hence we have, after developing the initial blocks 
modulo 5, exactly Bose's example (iv) [2, p370] for a BIBD(10,3, 2). 
1 1 1 0 0 1 0 0 0 0 0 0 1 0 0 
0 1 1 1 0 0 1 0 0 0 0 0 0 1 0 
0 0 1 1 1 0 0 1 0 0 0 0 0 0 1 
1 0 0 1 1 0 0 0 1 0 1 0 0 0 0 
1 1 0 0 1 0 0 0 0 1 0 1 0 0 0 
0 0 0 0 0 0 1 1 0 0 1 0 0 1 0 
0 0 0 0 0 0 0 1 1 0 0 1 0 0 1 
0 0 0 0 0 0 0 0 1 1 1 0 1 0 0 
0 0 0 0 0 1 0 0 0 1 0 1 0 1 0 
0 0 0 0 0 1 1 0 0 0 0 0 1 0 1 
1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 
0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 
0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 
0 0 0 1 0 1 0 0 1 0 0 0 0 1 0 
0 0 0 0 1 0 1 0 0 1 0 0 0 0 1 
0 0 1 0 1 1 0 0 0 0 1 0 0 0 1 
1 0 0 1 0 0 1 0 0 0 1 1 0 0 0 
0 1 0 0 1 0 0 1 0 0 0 1 1 0 0 
1 0 1 0 0 0 0 0 1 0 0 0 1 1 0 
0 1 0 1 0 0 0 0 0 1 0 0 0 1 1 
It has GBRD type incidence matrix for the last three sets of 
0 1 1 01 0 01 1 
1 0 1 01 0 1 01 
1 0 1 01 0 1 01 
1 1 0 0 01 1 01 
1 1 0 0 01 1 01 
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It is not a GBRD as the difference 01 occurs 4 times. This is represented 
by the "01" in the above incidence matrix. However the first four blocks 
give a GBRD(6,3,6;Z2) 
(00, 10, 20) (00, 11 , 21) (01, 20, 31) (00, 21, 4t) mod(5, Z2), 
which has incidence matrix: 
0 0 0 0 1 1 0 0 1 0 1 
0 0 0 0 1 1 0 0 1 1 0 1 
0 0 0 0 1 1 1 0 0 1 0 
0 0 0 1 0 1 0 1 0 1 1 0 
0 0 0 1 1 0 0 1 0 1 1 
2 Motivation and Results 
Example 3 We note that (1 1 ,21 ,4t), (1 1,2w ,4w 2) and (1 1,2w 2,4w ) are 
3- {7; 3; 1; Z3} GBRSDS as observed in Seberry [8]. So that the incidence 
matrices formed from these sets form a GBRD{7, 21, 9, 3, 3; Z3), where Z3 = 
{1,w,w2 ;w3 = I}: 
where 
0 1 1 0 1 0 0 
0 0 1 1 0 1 0 
0 0 0 1 1 0 1 
1 0 0 0 1 1 0 
0 1 0 0 0 1 1 
1 0 1 0 0 0 1 
1 1 0 1 0 0 0 
0 1 w 0 w2 0 0 
0 0 1 w 0 w2 0 
0 0 0 1 w 0 w2 
w2 0 0 0 1 w 0 
0 w2 0 0 0 1 w 
w 0 w2 0 0 0 1 
1 w 0 w2 0 0 0 
0 1 w2 0 W 0 0 
0 0 1 w2 0 w 0 
0 0 0 1 w2 0 w 
w 0 0 0 1 w2 0 
0 W 0 0 0 1 w2 
w2 0 W 0 0 0 1 
1 w2 0 W 0 0 0 
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We now observe that 3 is a generator of GF(7) and that 32 = 2, 34 = 4 
and 36 = 1 as the GBRSDS are obtained by choosing {3ii : i = 1,2,3}, 
{3!ii : i = 1,2, 3} and {3~_i : i = 1,2, 3}. This fact can be generalized. 
Theorem 1 Let p be a prime power with the generator y for Zp. Let g be 
the generator of a group G, with g!(P-1) = 1. Write ~(p - 1) = n. 
Let f(x) = L:7=1 gixy2i and h(x) = L:7=1 g_ixy2i+l. 
Define 
n n 




f(x)f(x*) + h(x)h(x*) = (p - 1) + L:(G{O})X S • 
• =1 
Example 4 Let p = 13 and y = 2 be the generator of Z13. Let 9 be the 








gx4 + g2x3 + g3 x 12 + g4 x4 + lx10 + X 
g5x 9 + g4x 10 + g3 x 1 + lx4 + gx3 + x 12 
6 + (g + l)(x + x3 + x4 + x 9 + x 10 + x 12 ) 
+(g2 + g3 + g4)(x2 + x5 + x6 + x7 + x8 + xll) 
g5 x8 + g4x6 + g3x ll + g2x5 + gx7 + x2 
gx5 + lx7 + lx2 + g4 x8 + g5 x6 + xll 
6 + (g2 + l + g4)(x + x3 + x4 + x9 + x 10 + x 12 ) 
+(g + l)(x2 + x5 + x6 + x7 + x8 + xU) 
12 




f(x)f(x*) + h(x)h(x*) L:ixy2i L:gn-ixp-y2i 
;=1 i=1 
n n L: L:(gi-i xy2i_y2i + gi_;xy2i+l_y2i+l) 
i=1 j=1 
p-1 
2n + G\{O} L:xi. 
i=1 
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Example 5 Since there exists an SBIBD(13,4,1), Q, with F and H 
the GBRDSDS generated by the theorem, we have 3 - {13,4,6,6, I,Z3} 
GBRDSDS. 
Now if p == 3 (mod 4) is a prime power then there exists a (p, ~(p-
1), ~(p - 3» difference set and thus this difference set with ~(p - 3) copies 
of each of the sets X = {gi xy2i : i = 1, ... , Hp - I)} and Y = {g-i xy2i+l : 
i = 1, ... , ~(p - I)} gives ~(p - 1) - {p; Hp - 1); ~(p - 1)(p - 3)} mod 
(p, Zt(P-1) GBRSDS and hence 
Theorem 2 Let p == 3 (mod 4) be a prime power then there exists a 
1 1 
GBRD(p, 2(P - 1), S(p - 1)(p - 3); Zt(p-1)· 
Example 6 There exist 
GBRD(7, 3, 3; Z3) 
GBRD(ll, 5,10; Zs) 
G BRD(19, 9, 36; EA(9» 
Similarly when p == 1 (mod 4) is a prime power then there exists 2 -
(p, Hp - 1), ~(p - 3» supplementary difference set with ~(p - 3) copies of 
each of the sets X and Y we have (p - 1) - {p; Hp - 1); Hp - l)(p - 3)} 
mod(p, EAO(p - 1» GBRSDS and hence 
Theorem 3 Let p == 1 (mod 4) be a prime power then exists a 
111 1 
GBRD(p, 2(P - 1), 2(P - 1), 4(P - l)(p - 3); EA(2(P - 1))). 
Example 7 There exists 
GBRD(9,4, 12; EA(4» 
GBRD(13, 6, 30; EA(6» 
GBRD(17, 8, 56; EA(8». 
But from the example using p = 13 and y = 2 as the generator of Z13 
we see that we could have chosen 9 such that g3 = 1 from g2 = 1 in which 
case we would have 
or 
12 
/(x)/(x*) + h(x )h(x*) = 12 + {I, g, g, g2, g2} L xi. 
i=1 
12 
/(x)/(x*) + h(x)h(x*) = 6+ {1,I,a,a,a} Lxi, a2 = 1 
i=1 
resp ecti vely. 
With these two generators the previous constructions will give us 
GBRD(13, 6, 30; Z3) and GBRD(13, 6, 30; Z2) respectively. 
Jr. Comb., Inf. fj Syst. Sci. 
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This last example indicates that other subgroups and cosets might also 
prove interesting. 
Example 8 (11,31,91), (1 1,3""9,,,2), and (11,3",2,9",), (21,51,6t), 
(21,5""6,,,2), and (21, 5",2, 6",) are 6- {13; 3, 3; Z3} GBRDSDS which gives 
a G BRD(13, 78,18,3,3; Z3). 
Theorem 4 Let p = 6s + 1 be a prime power then there exists 3s - {6s + 
1,3,3; Za} GBRDSDS and hence a GBRD(6s + 1, 36s + 6, 9s, 3,3; Za). 
Proof Let x be a generator of G F(p) \ {O} and Co be the subgroup of index 
2s and order 3 and Ci = xiCo be the corresponding cosets. Suppose C; 
has elements {ai, bi , ci } then form, for each i, three sets Dil = {at, bt, cD, 
Di2 = {aLb~,c~2}' Di3 = {aLb~2'c~}. 
The sets Dij, i = 1, ... , s, j = 1,2,3 are the required GBRDSDS which 
can be developed into the stated GBRD. 0 
Example 9 For p = 19, use Co = {I, 7, ll}, C1 
{4, 6, 9} to obtain the required result. 
{2,3,14}, C23 = 
Example 10 Suppose (ai,bi,ci,di ), i = 1, ... ,n are n - {V,4,A} sets. 
Then (aL bL c~, d~), (aL b~, cL d~), (aL b~, c~, dD, (aL bi, C~2' d~2)' 
(aLb~2,cLd~2)' (aLb~2,c~2,dD, i= 1, ... ,n are 6n- {v,4,6A;Za} 
GBRDSDS. 
The following result is similar to many others found elsewhere for ex-
ample [12, 13]. 
Theorem 5 Let p = ef + 1 be a prime power. Let Co = {xe, x2e, x3e, ... , 
xl e} = {y1, y2 , y3, ... , yl -1 }. Let 9 be the generator of the group of order 
f. Then 
{ e 2e ae Ie} {e+1 2e+1 (J-1)e+1 1} X1,X2 ,Xa , ... ,xo , xl ,X2 '''''xl_1 ,XO' 
{ e+i 2e+i (J-1)e+i i} ... , Xl ,X2 , ... ,xl _ 1 ,xO' 
j = 0,1, ... , e -1 are e sets in which each non-zero difference mod p occurs 
with each subscript from EA(f)\{O} exactly once. (f - 1) copies of each 
of these can be combined with the e = {ef + 1; f; f - I} sets of Stanton 
and Sprott to obtain a GBRD(ef + 1'/'/(f - 1); EA(f». In general this 
construction gives a PBD(f(ef + 1), {ef + I}, 1). 
Example 11 Consider p = 19,/ = 6 and the sets 
{10,74,81,114, 125,18a},{20,34,55,142, 161,17a},{40,64,9 2,105,131, 15a} 
mod(19, Z6). 
There is no BIBD(19,6,1) but there is a BIBD(19,6,5) = A thus A 
together with 5 copies of the incidence matrices of each of these 3 sets yields 
a BRD(19, 6, 30; Z6). 
Replacing the elements of EA(6) by their 6 x 6 matrix representation 
in the incidence matrix gives a P BD(1l4, {19, 6}, 1). 
Vol. 23, Nos. 1-4 (1998) 
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Remark. The theorem also gives results for subscripts from groups 
whose orders divide f. 
Corollary 1 Whenever p = ef + 1 is a prime power there exists a 
BIBD(J(ef + 1), (ef + l)(ef2 + f -1), ef + f - 1,/,/ - 1)). 
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